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Comparison of Test Signals for Aircraft Frequency
Domain Identification

Peter Young* and Ronald J. Pattont
University of York, Heslington, York, England

The validity of applying frequency domain techniques to the identification of aircraft system dynamics is investigated using a
simplified linear analytic model of a helicopter. A closed-loop identification of the helicopter model, with the longitudinal and
lateral motions decoupled, is described. Measurement noise effects are included in the simulations. Input signals are applied to
excite the system modes. Frequency response estimates are obtained by spectral analysis, and the coherence function is evaluated
to indicate the likely accuracy. The transfer function coefficients are obtained by a nonlinear least-squares curve-fitting technique.
With prior knowledge of the system order, the advantages of using a low peak-factor harmonic test signal for identification
instead of the more usual frequency sweeps are demonstrated.

Introduction

IT is important when designing aircraft control systems to be
able to analyze the sensitivity of the system to parameter

variations and structural changes. Frequency domain tech-
niques have been applied successfully by Tischler et al.l>2 to
identify open-loop aircraft dynamics and have been shown to
provide considerable information concerning dynamic order
and sensitivity. This paper considers the application of fre-
quency domain techniques to the identification of helicopter
dynamics. In particular, it compares two different types of test
signals that can be used in frequency domain work. Although
considerable work has been published on input signal design
for time domain work (see, for example, Ref. 3) this is not the
case in the frequency domain. A closed-loop identification in
the frequency domain allows the system dynamics and han-
dling qualities to be assessed for a range of flight conditions.
Simulations of the helicopter flight using linear models of
longitudinal and lateral motion with measurement noise are
described. These are simplified models that do not include the
higher-order noise effects due to vibration and rotor dynam-
ics, which would be present in helicopter flight tests. The
performance of the excitation waveforms in identifying the
transfer functions of the models is of primary importance in
this work. These signals are a sinusoidal frequency sweep and
a low peak-factor, Schroeder-phased harmonic signal, as de-
scribed by Schroeder4 and Flower et al.5 Both have approx-
imately flat, band-limited spectral characteristics.

Each signal is applied in turn to a single control input to
excite the dominant modes of the system. A frequency re-
sponse estimate is obtained by spectral analysis of the time-se-
ries data. The poles and zeros of this transfer function are
determined by a nonlinear least-squares curve-fitting tech-
nique and compared to the known system modes. The magni-
tude-squared coherence function is calculated during the spec-
tral analysis to give a guide to the accuracy of the
identification. Results are given for two transfer functions
identified from simulations with measurement noise added
either inside or outside the control loop. For the swept sine-
wave tests, two different frequency sweep profiles were used,
one linear and the other logarithmic. For sine-wave tests using
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a linear sweep profile, low frequency identification is generally
poor and the frequency response estimates are very susceptible
to the effects of noise. A logarithmic sweep-rate profile pro-
duces much better identifications due to the concentration of
spectral content at lower frequencies. With Schroeder-phased
signals, good frequency response estimates are achievable
across the whole spectrum, and the effects of noise on the
variance of the estimates is reduced. System modes can also be
better identified from the Schroeder-phased frequency re-
sponse estimates. The results show the advantages of using
Schroeder-phased test signals to identify aircraft dynamics.

Frequency Domain Methods
Input Signal Design

Each signal is applied separately to one of the system inputs
and the response at one output is studied; this is single input-
single output transfer function identification. For a full sys-
tem identification, each input-output pair can be tested in turn
and the transfer function obtained separately. The frequency
sweep signal is simply a sinusoid which increases in frequency
with time. Two sweep-rate profiles were used: linear, in which
the frequency increases by a fixed increment with every time
step, and logarithmic, in which the frequency is multiplied by
a fixed scale factor at each time step. The linear sweep tends to
be deficient in power spectral density at the lower frequencies
but has constant spectral density at higher frequencies. The
logarithmic sweep concentrates the power at the low frequency
end of the spectrum at the expense of the higher frequency end
and will therefore excite the low frequency system dynamics
more. The Schroeder-phased signal is a multifrequency signal
composed of a large number of harmonics equally spaced in
frequency. Each harmonic is specified by a phase shift chosen
so that when they are all added together the wave formed has
a low peak-factor and fits a given power spectral density
function. In this study, a signal is chosen with an approx-
imately flat spectrum (the more harmonics, the flatter the
spectrum) across the selected bandwidth. The Schroeder-
phased signal has greater power spectral density than a fre-
quency sweep of the same peak amplitude. The power spectral
densities of the three signals are shown in Fig. 1. Details of
how to select the phases to design a Schroeder-phased wave
are given in the appendix and in Ref. 5. For a spectrum with
Ns consecutive harmonics of equal power pf = \/Ns, i - 1 to
~NS the phases should be

The typical form of a Schroeder-phased signal, with period T,
as used in this study is shown in Fig. 2. The amplitude of the
sine wave and the mean amplitude of the Schroeder-phased
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Fig. 1 Power spectral density functions of the test signals.

signal are equal. The low peak-factor of the latter means that
the peak amplitude is of similar magnitude, and the two types
of signal will disturb the system under test by about the same
amount.

The Schroeder-phased signal used has period T = 65.536 s
and is repeated 16 times. It is composed of 160 harmonics in
the frequency range 0.015-2.5 Hz, Each frequency sweep
range is one cycle long with a range of 0.015 to 4.0 Hz (linear)
or to 2.5 Hz (logarithmic), but the total time for which the
signal is applied is the same as for the harmonic signal.

Spectral Analysis
Standard spectral techniques are applied to the input and

output data sequences to obtain the auto- and cross-power
spectral density functions, the frequency response estimate,
and the coherence function. A direct method of spectral esti-
mation using the overlapped fast Fourier transform (FFT)
processing described by Carter and Ferric6 is used. Several
steps are required for the estimation. First, the data are di-
vided into K segments, each of M points. Each corresponding
time segment pair (input and output) is selected and processed
in turn to obtain a spectral density estimate. Then the input
and output data for a particular segment are multiplied by a
cosine weighting function to reduce the side-lobe leakage. As
some of the data are lost when weighting is applied, a segment
overlap of 62.5% in the FFT processing is employed to com-
pensate. Carter et al.7 have shown that this value maximizes
the improvement in the spectral estimate possible from over-
lapping. As the identification is not performed in real time,
computation time is not critical; therefore the full 62.5%
overlap is used. The discrete Fourier transform of the
weighted data input and output segments is taken using a
radix-2 FFT algorithm. Averaging the squared modulus of the
Fourier coefficients obtained (at a given frequency) over all
the segments gives an estimate of the spectral density function.
This amounts to averaging a number of spectral estimates
(each found from a data segment) over the whole data series.

The auto- and cross-power spectral estimates are deter-
mined as

Gxx(k) = 1
KfsMn^

1

£ \Xn(k)\* (2)

Gxy(k) =
1

KfsM n

£

£ \X*n(k)Yn(k)\* (4)

where fs is the sample frequency, k the discrete frequency
variable, Gxx and Gyy the input and output autospectral densi-

Fig. 2 The Schroeder-phased signal.

ties, and G^ the cross-spectral density. The transfer function
is defined as

ft(k) = [Gxy(k)]/[Gxx(k)] (5)

This is strictly true only when the measurement noise is uncor-
related with the input and the output but is suitable as an
approximation for examples in this paper where this is not the
case. The frequency response estimate is found using Eq. (5).
The variance of spectral estimates is reduced by the averaging
of estimates from successive data frames. An expression can
be derived8 for the variance of frequency response estimates in
terms of the coherence function as explained in the next sec-
tion. This variance is inversely proportional to the number of
data frames K. When choosing suitable frame lengths for a
fixed total data length, a balance must be found between "this
variance and the bias introduced by shorter frame lengths.

The precision and resolution of the spectral estimate de-
pends on the choice of TV, the number of data samples, and
M, the segment size, respectively. The analysis of Priestley9

can be applied here to evaluate suitable minimum values for M
and TV and the ratio between them. The minimum value for M
depends on the required degree of resolution, that is, the
ability to distinguish fine detail in the spectral density func-
tions. It also depends on the data window used, in this case the
Tukey-Hanning window (also described by Priestley). For a
given value of M, there is a certain minimum value of N,
which depends on the precision required in the spectral esti-
mates. The frequency range of interest is 0.015-4.0 Hz. So the
theoretical minimum sample rate (fs) is 8 Hz. An acceptable
sample rate needs to be much greater than this and fs was
chosen to be 31.25 Hz. A minimum resolvable frequency of
0.015 Hz was desired and using Priestley's equations we ob-
tain M = 1307. For a proportional error not exceeding 25% at
the 90% confidence level, this would give TV = 61103. How-
ever, with 62.5% segment overlap, fewer points are required
as each is used more than once. In fact, the number of points
needed is approximately TV' = 3TV/8 giving TV' ==22914 for
this example. To make use of the radix-2 FFT algorithm M
was selected as 2048, and the corresponding TV' was 32,768. A
greater value of M would give better resolution as the window
bandwidth is decreased and, in general, a larger value of TV
would allow M to be increased without loss of precision.
About 17 min of flight test data would be required to satisfy
these criteria in practice. This seems a long time but can be
justified as multiple runs can be concatenated.

The Coherence Function
The magnitude-squared coherence function gives an indica-

tion of how good the first harmonic is as a model of the
input-output dynamics. It is a measure of the linear depen-
dence of the output on the input defined in spectral terms:

\Gxy(k)\2

< 1 (6)

Consider the closed-loop system of Fig. 3a where noise is
added at the output but the uncontaminated output z(t) is fed
back to close the loop. Coherence can then be expressed in



432 P. YOUNG AND R. J. PATTON J. GUIDANCE

n(t) complex

a)

J ValJWJ

L

+ X^x y(t)

b)

Fig. 3 System with measurement noise: a) outside control loop; b)
inside control loop.

terms of the frequency domain representation of the system
signal-to-noise ratio:

1
Gnn(k)/Gzz(k) (7)

Gzz is the autospectrum of the uncontaminated output and Gnn
is the input autospectrum of the noise. A totally noise-free
linear system would yield y$y = 1. A coherence of less than
unity may be due to three causes: system nonlinearity, input
and output noise, and secondary inputs (e.g., external distur-
bances). When the system is noisy or nonlinear, the coherence
function indicates the accuracy of an identification as a func-
tion of frequency. The closer it is to unity, the more accurate
the identification is likely to be at a particular frequency. This
is reflected in the fact that the variance of a frequency re-
sponse estimate obtained during spectral analysis is inversely
proportional to the coherence function:

Var{l#(/cj)l) i
= Var{arg H(/«)J = — I :T-

1

(8)

When the noisy output y(t) is fed back to close the loop (see
Fig. 3b), as would be the case where the sensor outputs from
a system are used for control, Eq. (7) is not applicable. In this
case, the output z(t) and the noise are correlated due to the
feedback action. The cross-spectral estimate derived in Eq. (4)
and used to evaluate the frequency response estimate and the
coherence in Eqs. (5) and (6) assumes the output to be uncor-
related with the noise. However, Eqs. (5) and (6) are suitable
approximations for use in this study.

Least-Squares Curve Fitting
A transfer function is obtained by fitting the frequency

response estimate algebraically as a ratio of two frequency-de-
pendent polynomials:

P(s)
Q(s)

... +pms
qnsn (9)

E= (10)

F(/co) is the actual frequency response data, and N is the
number of frequency response samples. A number of linear
approaches have been developed to simplify the approach to
the solution, and a comparison of these has been made by
Whitfield.10 The method of Sanathanan and Koerner11 has
been used with some success by the authors.12 However, it has
been shown that, when convergent, the solution from this
method does not tend asymptotically to the solution of the
nonlinear least-squares criterion.13 In particular, if the
frequency response data are noisy, the accuracy of the trans-
fer function evaluated deteriorates with the noise level. This
problem of biased estimation is typical of linear least-squares
methods.

The Levenberg-Marquardt form of the Gauss-Newton, non-
linear, least-squares method14 is applied to improve the identi-
fication of the transfer function coefficients for noisy systems.
This is an iterative search procedure that interpolates between
a Gauss-Newton method, which converges rapidly when the
initial parameter estimates are good and a steepest descent
method which converges with poor starting estimates but can
take rather a long time. By changing gradually between the
methods (depending on how close the parameters are to the
minimum at each iteration), the dual advantage of both meth-
ods can be gained. A description of all these nonlinear least-
squares methods is given by Bevington.15 The derivation of the
nonlinear least-squares method and the procedure are de-
scribed fully in the paper by Marquardt.14 To obtain suitable
starting values, a linear least-squares optimization is carried
out first using the method of Sanathanan and Koerner, and
the evaluated transfer function coefficients are then used as
the initial parameters in the nonlinear optimization. Reason-
ably good starting values help to minimize computation time
and reduce the likelihood of the optimization converging to a
local minimum solution rather than the global one. In the
authors' experience, this method always converges, finding
the global minimum solution, although convergence is not
rigorously proven.

The Helicopter Model
The linear mathematical model used in this study is based

on that of Hendricks16 and is derived from a nonlinear model
of a helicopter developed using the standard aerodynamic
equations given by Br am well17 with minor approximations.
Longitudinal and lateral motions are assumed to be decou-
pled. A four-state longitudinal model and a five-state lateral
model are considered separately.

Longitudinal Motion
. The control inputs and state variables for the longitudinal

degrees of freedom are

where b\ is longitudinal cyclic pitch and 00 is collective pitch.
The states are horizontal velocity u , vertical velocity w , pitch
angle 6, and pitch rate q>

For the flight condition with a tip-speed ratio ju of 0. 1 and
zero angle of attack, the open-loop stability and control
derivative matrices (A\ and B\) are known:

where s =70?, the complex frequency variable. Least-squares
techniques are employed to minimize a given error criterion
and to derive the set of transfer function coefficients that gives
the best algebraic fit to the complex curve. The following
least-squares criterion is an obvious choice, but as it is nonlin-
ear in the parameters q0t q\9..., qn the minimization is quite
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A feedback controller (L\) has been chosen:

l x l O ~ 3 7.4 x l O ~ 3 -0.36 -0.22
[ x l O ~ 3 -3.0X10-3 1.1 x l O ~ 3 1.5 x l O - 2

The system closed-loop matrix is

Dl=Al-BlLl

The corresponding resolvent matrix $1(5) is

(11)

(12)

Lateral Motion
In the lateral case, the control inputs and states are

w(0 = (0i, 0,)r, *(f) = (v,<p,p,t,r)T

where a! is lateral cyclic pitch and 6t is tail rotor pitch. The
states are sideslip velocity w, bank angle '<p, roll rate/?, heading
angle \[/9 and yaw rate r.

Under the same flight conditions as applied for the longitu-
dinal model, the A and B matrices are

A2=

"-0
0

-0
0
1

.24
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.12

9
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.00

.00

.00
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0
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.00

.08

-9.81 2.86
0.00 O.QO

-111.50 0.00
0.00 0.00
0.00 39.04

An eigenstructure assignment technique was used to design the
closed-loop lateral motion regulator. The same flight condi-
tions apply as in the longitudinal case. The design was
achieved using a package developed by Mudge and Patton.18

The aim of this assignment was to decouple the Dutch-roll
mode from roll subsidence giving improved handling qualities
and damping. With five states and two controls, two elements
in each vector can be assigned along with all the eigenvalues.
This is the case as the full state-feedback system [A2, B2] is
controllable, and the maximum assignment freedom can be
fully utilized. The eigenstructure is assigned to the closed-loop
matrix D2 as follows (the order of modes is Dutch roll, roll
subsidence, spiral, heading integration):

Eigenvalues:
-1.5±yl.5 -4 -0.05 -10

Eigenvectors:
v: "1 1 x

0 1 0
0 1 0
X \ X

X \ I

~0~
X

I
X

0

"0"
1
X

X

X

"1"
0
1
0
1

x denotes ari element whose sign and magnitude is insignifi-
cant. The lateral controller gains are

UxlO- 3 -0.36 -0.11 -1.3X1CT2 -7.5x 10~41
> . 2 x l O ~ 2 1.36 0.33 5.5 xlO-2 4.6xlO.-2J

The closed-loop resolvent matrix is found as before from Eqs.
(11) and (12).

Noise in the Model
The effect that measurement noise has on the system and

the identification depends on whether or not it is correlated
with the input and output. It also depends on whether we are
identifying the open-loop dynamics from a closed-loop system
or the closed-loop dynamics themselves as is the case here.

When measurement noise is added at the output of the
system, and outside of the control Joop as shown in Fig. 3a, it
does not affect the aircraft response, but it does contaminate
data. It is uncorrelated with the input and output and causes
random errors in the frequency response with a corresponding
decrease in the coherence function, The net effect is to in-
crease the variance of the spectral estimates. A more realistic
case is where the output with measurement noise [y(0]» from
sensors in the real aircraft system, is fed back to close the loop
as in Fig. 3b. The noise does not affect the aircraft response as
it is correlated with the output [z(t)] through the feedback
loop. The net result is bias ih'tfie spectral estimates. When
identifying the open-loop dynamics from a closed-loop identi-
fication, the analytical treatment of bias error given by Tisch-
ler2 is applicable. However, in this work, the closed-loop
dynamics themselves are being identified, and the bias can
actually be measured. It is straightforward to show that the
closed-loop frequency response is the sum of the true closed-
loop frequency response and a bias error term

Gxy(k) Gtty(k)
Gxx(k) Gxx(k) Gnn(k) (13)

Referring to Fig. 3b, in this equation, Gxz is the cross-spectral
density of the noise-free estimate, Gny is the cross-spectral
density between the noise and the measured output and Gnn is
the auto-spectral density of the noise. The bias error term
Gny/Gnn is the transfer function n ( t ) / y ( t ) = 1/[1 + G(ju)L2}
when x(t) is zero. When identifying the main diagonal ele-
ments of the transfer function matrix, G(ju*)L2 will be large,
and therefore the bias error will be small. Only when identify-
ing cross-coupling terms is the bias likely to be significant. The
coherence function as derived in Eqs. (2-4) and Eq. (6) is
considered for the noise in the loop situation but is only an
approximation for the reasons outlined previously. In the
simulations Gaussian white measurement noise is adcled at the
output, and this is assumed to be realistic.

Identification of the Helicopter Dynamics
Longitudinal Results: Identification of the Transfer Function <//6o

The transfer function relating pitch rate q to collective pitch
60 has been computed using the Leverrier algorithm applied to
the closed-loop matrix, which is a nonminimum phase system:

„ = -0.1 ls(s +0.35)(5-73.54)
' [(5 + 0.58)2 + 0.14J(s + 2.68)(5 + 5.44) l \

This transfer function is a low-amplitude cross-coupling
term that in practice may be difficult to identify. However, the
standard deviation of the measurement noise added in the
simulations is qn = 5 mrad s"1. This has been chosen to be
considerably larger than the 2 mrad s"1 quoted t>y Souza et
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al.19 for a fixed-wing aircraft and the 0.45 mrad s ~ l quoted by
Gelb20 for a guided missile. As we are considering measure-
ment noise only, and higher-order vibration effects are likely
to be outside the frequency range of interest or else filtered by
vibration isolation of the instrument, this value of qn was felt
to be realistic.

Example 1
The frequency response estimates from simulations with

measurement noise of standard deviation qn=5 mrad s"1

added to the output outside of the control loop (see Fig. 3a)
were obtained for two input signals. These estimates are
shown in Fig. 4 where three curves are plotted: the actual
transfer function, the estimate obtained with a linear profile
swept frequency input, and the estimate obtained with a
Schroeder-phased input composed of 160 harmonics. The fre-
quency response estimate for the Schroeder-phased identifica-
tion is clearly much closer to the known transfer function than
the sine-wave identification. This is particularly true at the low
frequency end of the spectrum where the sine wave produces
very poor results. The noise introduces variance into the
estimates, especially noticable at the higher frequencies, and

true transfer function
Schroeder-phased estimate
sinewave estimate

0
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the sine wave estimate is more susceptible to this. Although
the two input signals are of the same amplitude, the power
spectral density is greater at all frequencies for the Schroeder-
phased signal. This increased input power and the correspond-
ingly better signal-to-noise ratio account for the better identi-
fication obtained when using the harmonic signal rather than
a linear profile swept sine wave. The coherence functions for
the two noisy simulations are shown in Fig. 5. The coherence
for the Schroeder-phased estimate is close to unity over a
much greater frequency range and indicates that we can rely
on the identification obtained across a wider spectrum. It
seems reasonable to assume that we can rely on the transfer
function estimate over the frequency range for which, say, the
coherence function is greater than 0.8. This is about one and
a half decades of frequency for the Sehroeder-phased case
compared with less than one decade for the sine-wave case.

The modes identified from the two frequency response esti-
mates are compared with the actual known modes [see Eq.
(13)] in Table 1. As expected from the frequency response
estimates and coherence functions, the modes are obtained
more accurately from the Schroeder-phased test than from the
sine-wave test. In the former case, the complex pole pair is
identified well, and the real poles at — 2.68 and — 5.44 are also
identified as a complex pair just off the real axis between these
two values. The two low-frequency zeros are located quite
precisely. The right-hand half-plane zero is top large to have
any influence in the frequency range of interest and so a two
zero model is considered. From the sine-wave estimate, the

Schroeder-phased Sinewave

0.01 0.1 1
Frequency (Hz)

Fig. 4 Frequency response estimates of longitudinal transfer func-
tion <//0o with noise outside loop.

Fig. 5 Coherence function for identification of <//0o with noise
outside loop.

Table 1 True and identified modes for longitudinal transfer function ff/Bp

Schroeder-phased identifications

Zeros:

Poles-

Gain:

x2/

True modes

-0.35
0.00

73.54
-5.44
-2.68

-0.58±y0.37

-0.11
——

Noise-free

-0.54
0.01

-5.36
-2.81

- 0.65 ±j 0.45

-0.02

4 x l O ~ 6

Noise out
of loop

-0.49
0.00

- 3.91 ±/ 0.80

-0.57 ±70.47

-0.18
6xlO- 5

Noise in
loop

-0.92
0.01

-3.39 ±72.63

-0.52±/0.69

-0.09
5xlO~ 4

Sine-wave identifications

Noise-free

0.39
20.25

-5.11
-2.87
-0.45
22.25

-O.Q5
3x lO~ 4

Noise out
of loop

0.43
3.22

-4.28
-3.30
-0.42

3.46
-0.07

2 x l O ~ 3

Noise in
loop

0.44
3.38

-3.14±yl.53

-0.44
4.12

-0.21

2xlO~ 3
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Fig. 6 Frequency response estimates of longitudinal transfer func-
tion ^/Bo with noise inside loop.

two fast poles are identified as real but are not found very
accurately. None of the zeros are identified correctly, but this
is also true for the noise-free sine-wave test. Also with the
sine-wave estimate, a cancelling pole-zero pair is found in both
the noise-free and noisy cases (its value is not important). The
curve fit is unable to identify the correct number of modes and
suggests a third order fit would be more appropriate. This is
the case for both noise-free and noisy identifications. Clearly,
the Schroeder-phased result is much better than the sine-wave
one. It is possible to band-limit the curve fit to both estimates
by applying the coherence criterion and only using frequency
response data at frequencies where the coherence exceeds 0.8.
This produces a marginal improvement in the identified
modes.

The identified gain and a measure of goodness-of-fit for the
curve are also given in the table for each identification. The
goodness-of-fit criterion is

y2 = y2/J> (\$\
\v A ' * V1-*/

where the number of degrees of freedom v is the number of
data points in the frequency response estimate minus the num-
ber of parameters (the transfer function coefficients). The
goodness-of-fit gives a quantitative assessment of the accuracy
with which the fitted curve represents the frequency response
estimate. In general, if it is greater than unity, the fitting
function is not appropriate for describing the data. Where the
system order is known, this implies that the poor fit is due to
working on a poor frequency response estimate. It can be seen
from Table 1 that in this example a closer fit is obtained for
the Schroeder-phased estimate.

Example 2
The same transfer function was identified using the same

test signals as before but the output with added measurement
noise of standard deviation $n = 0.005 is fed back to close the
control loop (see Fig. 3b). Figure 6 shows the frequency re-
sponse estimates compared with the actual transfer function,
and Fig. 7 shows approximate coherence functions. As in the
previous example, the Schroeder-phased identification is good
over a much greater frequency range than the sine-wave iden-
tification. The frequency response estimate is close to the
actual transfer function, and the modes are identified more
accurately. In this example, the coherence function is useful
only as a guide to the frequency range over which the estimate

.6

.4

.2

0.01 0.1 1
Frequency (Hz)

10

Fig. 7 Coherence function for identification of ?/9o with noise
inside loop.

is acceptable. It emphasizes the considerably better low-fre-
quency performance of the Schroeder-phased identification.
The modes are given in Table 1. As before curve-fitting to the
Schroeder-phased estimate gives a good identification of the
poles; although they are not as accurate as in the first example.
The complex pair of poles that approximates the two fast real
poles are further from the real axis and not even as close to it
as the equivalent complex pair found from the sine-wave
estimate. A single pole found at - 0.44 from the sine-wave
estimate does not compare well with the quite precise complex
pair obtained from the Schroeder-phased estimate. Identifica-
tion of the two dominant zeros is again quite good for the
Schroeder-phased case but not in the case of the sine wave. As
before, the results for the sine-wave test wrongly indicate that
a third-order fit would be better.

The normalized bias error was measured in these identifica-
tions as this can be significant when identifying low-ampli-
tude, cross-coupling terms as explained in the previous sec-
tion. The bias is frequency dependent and varied from less
than 0.5% at low frequencies to a maximum of around 5% at
high frequencies, regardless of test signal type, which is an
acceptably small level of error.

Lateral Results: Identification of the Transfer Function p/a\
The transfer relating roll rate p to lateral cyclic pitch a\ is

- 111.485 [(s + 1.50)2+ 1.502](5 +0.14)
[(s + 1.50)2 + 1.502](s + 0.05)(s + 4.00)(s + 10.00)

(16)

The Dutch-roll mode is not present in this transfer function as
it has been decoupled from the roll subsidence mode through
the eigenstructure design. This is evident from the complex
pole-zero cancellation.

This transfer function is a much more significant term than
the previous example. As it has a much larger gain, a much
greater measurement noise, representing a worst case situa-
tion, is added to the output so that the effects of noise can be
seen. The standard deviation of the measurement noise in this
case ispn =0.1.

Example 3
The frequency response estimates were obtained by identify-

ing a simulation with measurement noise of standard devia-
tion pn = 0.1 added to the output and with the noisy output
being fed back to close the control loop. This time the sine-
wave signal has a logarithmic sweep-rate profile. Otherwise
the tests were carried out as before. The frequency response
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estimates are shown in Fig. 8. They show that both identifica-
tions are quite good. The sine-wave estimate is marginally
closer to the true estimate at low frequencies, but the
Schroeder-phased estimate is less subject to noise with a
smaller variance at high frequencies. The coherence functions
associated with these identifications are shown in Fig. 9, and
they confirm the relative accuracy of the two estimates. The
sine-wave estimate has the greater coherence at low frequen-

true transfer function
Schroeder-phased estimate
sinewave estimate

Gain (dB)

0.01

Phase (deg)

0.1 1
Frequency (Hz)

-100

-200

0.01 0.1 1
Frequency (Hz)

10

Fig. 8 Frequency response estimates of lateral transfer function p/a\
with noise inside loop.

Schroeder-phased Sinewave

.8

.6

.4

.2

0.01 0.1 1

Frequency(Hz)
10

Fig. 9 Coherence function for identification of p/a\ with noise in-
side loop.

cies where its power spectral density is greater; the reverse is
true at higher frequencies/The modes found by applying the
Levenberg-Marquardt method are given in Table 2. A third-
order model with two zeros is appropriate. The two fast poles
at —4 and —10 are identified quite accurately from both
estimates. As the noise introduces much less variance than it
did in the longitudinal examples and the coherence function is
close to unity across the frequency range where these poles lie,
it is not surprising that the identification of these poles is
good. In the real transfer function, there are two real zeros
and one pole close together near the origin. Only one zero is
identified in this region, as an effective cancellation of a
pole-zero pair occurs, and so the system appears to be second
order with one zero; this result is the one given in the table.
This applies to the noise-free case as well. This zero is —0.11
for the Schroeder-phased estimate and -0.09 for the sine-
wave estimate. In both cases, it lies between the two true zeros.
On balance, the modal identification is a little better for the
harmonic signal than for the sine-wave signal.

The normalized bias error was measured in these identifica-
tions and was found never to exceed about 2%, which is a
fairly insignificant error.

Example 4
The lateral transfer function p/a\ was again identified, but

this time the noise (/v = 0.1) is added outside the control loop.
The frequency response estimates and corresponding coher-
ence functions are very similar to those in the previous exam-
ple. Both identifications are acceptable over the full frequency
range. The identified system modes are given in Table 2. As
before the poles at —4 and —10 are quite precisely located for
both identifications, although the Schroeder-phased values are
closer to the true ones. The same pole-zero cancellation occurs
resulting in only one zero being found near the origin. The
Schroeder-phased identification determines the modes,
though not the gain, more accurately than the logarithmic
sweep-rate profile.

Conclusions
The frequency domain techniques that have been described

are capable of accurately identifying noisy linear systems if
suitable test signals are used. The longitudinal dynamic exam-
ples show that using a Schroeder-phased test signal produces a
better identification of the vehicle dynamics for a given signal
amplitude than a sinusoidal frequency sweep with a linear,
sweep-rate profile. The frequency response estimates and the
transfer functions obtained are more accurate. This is because
the power spectral density of the Schroeder-phased signal is
greater across the whole spectrum. The low peak-factor of the
Schroeder-phased signal allows large system perturbations to
be avoided and makes identification possible with a lower
amplitude input. The improvement gained from using it is
particularly significant at low frequencies where the linear-
swept frequency sine wave is deficient in spectral content. The
lateral examples show that giving the sinusoidal signal a loga-
rithmic sweep-rate profile makes it a considerably better test

Table 2 True and identified modes for lateral transfer function p/a\

Schroeder-phased identifications

Zeros:

Poles:

Gain:

X2-

True modes
-0.14

0.00
- 10.00
-4.00
-0.05

-111.48
__

Noise-free
-0.09

-9.82
-4.04

- 120.23
7x10-2

Noise out
of loop

-0.11

-9.51
-4.13

- 104.65
0.29

Noise in
loop
-0.15

-9.50
-4.32

-110.75

0.23

Sine-wave identifications

Noise-free
-0.09

-9.75
-4.07

-119.81
7x10-2

Noise out
of loop

-0.09

-9.42
-4.17

-110.70
0.31

Noise in
loop
-0.08

-9.37
-4.21

-111.22

0.12
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signal for identification. There is not much difference in the
accuracy of the frequency response estimates obtainable from
this sweep signal and the Schroeder-phased signal, although
the effect of measurement noise is less with the latter giving a
smaller variance at high frequencies. The Schroeder-phased
signal also allows more precise determination of the modes.
However, how good an identification is at a particular fre-
quency is directly related to the power spectral density of the
input signal at that frequency. As a result, the relative accu-
racy of transfer function determination using these test signals
will depend to some extent on the distribution of the poles and
zeros.

Good frequency response estimates have been obtained
from systems where measurement noise is present. Where this
noise is outside the aircraft control loop, the accuracy of an
identification is directly related to the closeness of the coher-
ence function to unity. By extension of the coherence concept,
these techniques are also applicable to identifying systems with
some nonlinearity. Noise occurring within the control loop
causes bias errors in the frequency response estimates, but
these were found to be quite small (< 5%) even when identify-
ing cross-coupling terms.

The performance of the curve-fitting procedure in finding
the poles and zeros from a noisy frequency estimate is im-
proved by using a nonlinear least-squares method rather than
a linear one. The Levenberg-Marquardt method has been used
with starting parameters derived from a linear, least-squares
fit, and this combination has been shown to produce satisfac-
tory results. Poles and zeros which lie close together at low
frequencies are not identified by curve fitting to either
Schroeder-phased or sine-wave estimates, suggesting that even
lower frequency excitation may be needed to fully identify
some transfer functions.

Appendix: Design of Schroeder-Phased Test Signals
The relative peak-factor of a periodic signal can be defined

as

Relative peak-factor = I *max *min I

2V2Krms
(Al)

In identification, a test signal with a low peak-factor will avoid
large perturbations in the system which is obviously desirable.
It is possible to select the phase angles of a number of harmon-
ics so that when they are summed together they produce a low
peak-factor wave that fits a given power spectral density. Such
a wave is a Schroeder-phased wave and is derived as follows.

The Fourier series of a wide-band signal of period T is

k= 1
(A2)

Qk is the phase angle, pk the relative power of the A:th har-
monic, and 7VS the number of harmonics. By definition

£ Pk = (A3)

To design the wave from a particular set of values of pk, the
values of 0* are chosen to minimize Fmax — Fmin. Consider a
phase-modulated signal:

5(0 = cos[<i>(0]

dt with <£>(/) = 2irk/T

in an interval between tk.\ and tk with

7 = 0
(i.e., f0 =

(A4)

(A5)

(A6)

During a time interval from /0 to t\ , the instantaneous phase of
s(t) is

(A7)

2-Kt^T = 27T/7, =

During the time interval from t\ to t2

<Po, the phase at / = 0 can be set to zero without loss of
generality. Therefore

(A8)

(A9)

(A10)

(All)

- 2dt= 4ir(t -
T J'i

2p2) = <

In general

Equation (All) is used to adjust 0* in Eq. (A2). With Ns
harmonics of equal power /?/

Vn = — E '= — (n2 + n) (A12)

The term irn/Ns is a linear-phase delay. A Schroeder-phased
signal with a flat spectrum can be designed, using Eqs. (A5)
and (A 12), specifying the frequency range and the number of
harmonics. In the more general case, Eqs. (A5) and (All) can
be used to design a low peak-factor wave with any power
spectral density function.
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